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Abstract-h innovation diffusion model is studied which describes the dynamics of three com- 
peting products in one market. A complete analysis for the global stability of equilibria of the model 
is given by excluding the existence of periodic solutions and using the theory of threcdimensional 
competition systems. @ 2003 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
The innovation diffusion model can be used to forecast the social reaction to different products. 
Recently, innovation diffusion models of a new product have been studied in [l-9] and an inno- 
vation diffusion model of two products has been analyzed in detail in [lo]. As a matter of fact, 
however, there is quite often competition of several products in the market. Thus, it is important 
to introduce n (n > 3) products into the process of promoting adopters. The aim of this work is 
to construct mathematical diffusion models about a few competitive products in the market and 
to analyze the asymptotic behavior of these models. As a beginning, we will only consider three 
different products in this paper. In order to study the effects of advertisement on the competitive 
products, we split the advertisement, forces into positive and zero, respectively. We divide the 
total population at time t into four disjoint classes. This means that we consider such a product 
that each adopter uses only one product and neglect the case where adopters can use more than 
one product at the same time. This seems reasonable in reality for many cases. The four classes 
are: the number of nonusers of all products, the number of users of Product 1, the number of 
users of Product 2, the number of users of Product 3, respectively, denoted by N, AI, AS, A3. We 
choose advertisement force, interpersonal valid contact between adopters and users, returning 
rate from adopter class to nonuser class as key parameters represented, respectively, by X, y, v. 
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The model we will consider is 
N’ = p - 6N - XlAlN - X2A2N - X3A3N 
- YIN - -/2N - 73N + VIAI + wzA2 + v3A3, 
A: = (YI + AlAl) N - (6 + ~1) AI, (1.1) 
4 = (72 + X2A2) N - (6 + 712) A2, 
4 = (~3 + X3A3) N - (6 + 213) A3, 
where I denotes the derivative, p is the immigration rate of population (we assume that new 
immigrations are nonusers of all products), 6 is the emigration rate of population, yi represents 
the intensity of advertisement of product i, Xi represents the valid contact rate of users of product i 
with nonusers and vi is the aborting rate of users of product i. We suppose that Xi, /3, S, and vi 
are positive constants, but yi are nonnegative constants. 
Adding all the equations in (l.l), we have (N + Al + A2 + A3)’ = p - b(N + Al + A2 + A3), 
which has the following implication: the three-dimensional simplex 
is positively invariant, system (1.1) is dissipative and the global attractor is contained in l?. 
For simplicity, we denote ,8/S by C and 6 +- Q by CQ. On the simplex, (1.1) is reduced to the 
following three-dimensional system: 
A; = (71 + XIAI) (C - AI - A2 - A3) - WAI, 
A; = (72 + X2A2) (C - Al - A2 - A3) - (~2A2, (1.2) 
A$ = (y3 + X3A3) (C - Al - A2 - A3) - a3A3. 
Since we are interested in the asymptotic behavior of the model, it is sufficient to study (1.2) in 
region D = {(Al, Aa, A3) : 0 5 Al -t A2 -I- A3 5 C}. 
It is well known that the asymptotic behavior of higher-dimensional systems are quite com- 
plicated, for example, there are strange attractors, chaos etc., and that qualitative analysis in 
three-dimensional models is much more difficult than that in two-dimensional models. However, 
in his series of articles [ll-151, Hirsch analyzed the dynamical behavior of cpoperative and com- 
petitive systems that are often used as models in applied fields such as ecology and economics. A 
vector field in n-space determines a competitive (or cooperative) system of differential equations 
provided all of the off-diagonal terms of its Jacobian matrix are nonpositive (or nonnegative). 
The theories for the competitive system contributed by Hirsch [ll-151 and Smith [16] are the 
bases that we study the global stability of system (1.2). 
The purpose of this paper is to study the asymptotic behavior of the models with positive and 
nonnegative advertisement, The organization of this paper is as follows. In Section 2, we prove 
that there is a unique equilibrium which is globally asymptotically stable if advertisement forces 
of all products are positive. In Section 3, we consider the asymptotic behavior of the case with 
nonnegative advertisement forces and obtain the threshold of the products without advertisement 
between existence and extinction. Finally, a brief discussion is given in Section 4. 
2. THE STABILITY OF MODEL WITH 
POSITIVE ADVERTISEMENT FORCES 
In this section, we assume that all the advertisement forces are positive and study the existence 
and global stability of equilibrium in (1.2). 
First, we consider the existence and uniqueness of the equilibrium. 
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THEOREM 2.1. Suppose that all of the parameters are positive. Then (1.2) has one and onl?. 
one positive equilibrium. 
PROOF. By setting the right side of (1.2) to zero, we obtain 
C - Al - AZ - A3 = 
~1.41 (~2-42 ~3.43 
YI+WI= 7a+X2A2= y3+X3A3 
(2.1 i 
Since CQ, y$, Xi are positive, it suffices to consider Al + A2 + A3 5 C with Ai > 0. In generality. 
Xl/cul, X~/CX~, As/as are not equal to each other. Without loss of generality, we suppose Xz/t-~~ 
is the maximum of &/c~i(i = 1,2,3). From (2.1), we have 
A1 = a2~1-42 A3 = a2?3A2 
~172 +(wJ+z - azh)Az' Q372+ (aSA -02A3)A2 
Let 
a(&) = 
a2~1A2 
~72 + (~1x2 - ~2,U42' 
gdA2) = 
a2A2 
72 + A2A2' 
d&J = 
a2?3A2 
a372 + (a3A2 -aZA3)A2‘ 
By simple calculations, g{(Az) > 0, gh(A2) > 0, g$(A2) > 0. Hence, gi(Az) are continuous and 
strictly increasing function of A2 on [0, C]. Clearly, we have 
C = A2 +gl(&) +gd&) +gd&)r (2.2) 
and that the right side of (2.2) is a strictly increasing function of A2 on [0, C]. Furthermore, it 
increases monotonely from 0 to C + g1 (C) + g2 (C) + gs(C) > C. Hence, there is a unique positive 
solution AZ on [0, C]. Then, system (1.2) has a unique positive equilibrium E(A;, Aa, AZ). The 
proof is complete. 
Let us consider global stability of the positive equilibrium. We have the following result 
THEOREM 2.2. The positive equilibrium E of (1.2) is globally asymptotically stable. 
PROOF. First, we show that the positive equilibrium E(A;, A;, AZ) is locally asymptoticallv 
stable. The Jacobian matrix of (1.2) at E is 
where 6% = 7% + A&, Pi = di + bi, and di = atYi/bt. Its characteristic equation is 
z3 + u1z2 + a2z + a3 = 0: 
where 
a1 = P1+P2 +p3 > 0, 
a2 = h/32 + p1P3 + P2@3 - 6162 - 6163 - 6362, 
a3 = Plb2fi3 + 2616263 - blb2P3 - blb3P2 - b2b3p1 
= (dl + bl)(dz + bz)(ds + 63) + 2616263 - blb2(d3 + b3) 
- blbs(d2 + 62) - b2b3(dl + bl) > 0. 
(2.3) 
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Define A = a’ ’ 
I I a3 a2 
= uiuz - us. It follows that 
A = (PI + p2 + p3)@1/?2 + p2p3 + /31@3) - 2hbzb3 - ,hp2p3 
- Plhbz - Plblba - Pzbzh - P&h - Pdlb3 - hb&. 
Replacing 0, in the second factor of the first term by di + bi, all the negative terms can be 
eliminated by the same terms in the first term. Because the remaining terms are all positive, we 
can conclude that the A is positive and that the real parts of all eigenvalues of A are all negative 
followed by Hurwitz theorem, i.e., the equilibrium E is locally asymptotically stable. 
Next, we show that the positive equilibrium is globally attractive. Obviously, (1.2) is a three- 
dimension competitive system and has a unique locally asymptotically stable equilibrium in 
the interior of Ri. According to the theory about the global stability of a three-dimension 
competitive dynamical system [11,13,14,16], E is globally asymptotically stable if there is no 
periodic solutions, including limit cycles, homoclinic orbits, and oriented phase polygons in D. 
Clearly, the last two cases cannot occur. 
Let us rule out the existence of periodic solutions. Clearly, f(fr, fz, fs) is a continuous field 
on D, where 
fj = (yj + XiAi) (C - Al - A2 - A3) - ctiAi, 
Motivated by [17], let us consider 
i = 1,2,3. 
g = (91,92,93) = -j--& (A2f3 - A&, Adi - A~fz., Adi - Azfi) , 
which is smooth on compact subsets contained in the interior of D. After some replacing and 
algebraic calculations, we can obtain 
g1 = (~3 + X3A3) (C - AI - A2 - A3) (72 + h42) (C - Al - A2 - A3) (~3 
AlA3 Al AlA2 
+S 
AI ’ 
Q2 = 
(71 + hA1) (C - Al - A2 - A3) (73 + A3A3) (C - AI - A2 - A3) (~1 
AlA2 A2 A3-4 
+ 2, (2.4) 
93 = 
(72 + X2-42) (C - AI - A2 - A3) (-II+ &AI) (C - AI - A2 - A3) ~2 
A& A3 AlA3 
+Z 
A3 
Then the routine computations yield 
curlg = 
393 892 h?l %73 372 bl ----_ 
dA2 dAs ’ dA3 dAl ’ 8Al dA2 > 
= - 
( 
(72 + X2A2) A2 _ 72 (C - AI - A2 - A3) + y1 + XlAl 
&A; AsA; AlA3 
_(^~~+X~A~)A~_~~(C-A~-AZ-A~)+~~+X~A~ 
&A; A& AlA2 ’ 
_ (73 + X3A3) A3 - 
A& 
73 (C - Al - A2 - A3) + y2 + X2A2 
4-4: Al-4 
_ (n + ~AI) AI 
A& 
_ -/I (C - Al - -42 - A3) + 72 + &A2 
Ad:: Az& 
, 
_ (71 + h-4) AI _ YI (C - AI - A2 - A3) 
A& A& 
+ 73 + X3-43 
&Ai 
_ (72 + X2A2) -42 
AlA; 
_ 7’2 (C - Al - A2 - A3) + 73 + X3A3 
&A; AlA3 >. 
(2.5) 
Suppose there exists a periodic solution A(t) = (Al(t), As(t), As(t)), with period w, in the 
interior of R”+. Let 
L = {(AI (6, A2 (t> , A3 (t)) I 0 5 t I ~1. 
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Then L is a periodic orbit and we can construct the following conical surface S: 
S = {A (Al (4, AZ (4, A3 (t)) I X E 10, 11, t E LO, d). 
Since (1.2) is a competitive system, from the nonordering principle [16], for any two points 
Z, y E L, 3: # y, Z, y are unrelated. So the surface S does not cross itself. 
For any A(to) = (Al(to),Az(to).A3(to)) E L: let (O,A(to)) re P resent the segment from 0 to 
A(to). Then, 
N = (Al (to), -42 (to) > A3 (to)) x (fl, f2, f3)l,4=ActoJ 
= Al-b% hrmgdI/,=A(to) 
is a normal vector of the surface S at each point of the segment (0, A&)). 
Normalize the vector N, we have the unit normal vector 
n = + (91,92,93) IN/ 
A=A(to) ’ 
where K = ~ 
AlA2-4 
It is easy to see that there is curl g. n = 0 on the segment (0, A(to)) for all to E [0, UJ], by 
exploiting the integral representation of curl, and that 
curlg . n = 0, on the surface S. (2.6’ 
Let the surface C = {(Al, AZ, A3) 1 Al + A2 + A3 = E}, where E > 0 is sufficiently small 
such that C is disjoint from the periodic orbit L. Let Y be the intersection of surface C and the 
cone S (bounded by S). It is clear that C divides the surface S into two parts: Sland& such that 
L c 5’1, (O,O,O) E S2. Let S’ = Y U S1. Thus, S’ is a surface with as’ = L. On the surface Y. 
the outward normal vector N = -(I, 1,l). Moreover, the outward unit normal vector n on Y is 
n = -(l/a)(l, 1,l). On the surface Y, we have 
curlg n = -$ (C - Al - A2 - A3) 
YIAzA~(Az + A3) + wAd3(A1+ A3) + Y~AIA~(AI + AZ) > o, 
(2.7) 
A:A;A; 
Since S1 and Y are smooth enough to apply Stokes’ theorem, there is 
f 
adA + g2dA, + g&4x = JJ curl g n dS. L s1 UY 
From the definition of g, it follows that 
f’ J 
w gl dA1 + g2 dAz + g3 dA3 = hfl + g2f2 + g3.h) dt = 0. 
L 0 
From(2.6) and (2.7), we have 
(2.8) 
(2.9) 
JJ curlg . ndS = curlg.ndS+ curlg.ndS S,UY JJ & JJ Y 
=o+-$ y JJ (C - Al - A2 - A3) 
YI&MA~ + A3) + ~2Al-M-4 + A3) + ~3Al-&(Al+ A2) dS 
AfA;A3” 
> 0. 
(2.10) 
Thus, (2.8)-(2.10) lead to a desired contradiction. Hence, we can eliminate the possibility of 
periodic solutions. 
Since E is the only equilibrium in D, and the region D is positively invariant and cannot have 
a periodic solution, we can obtain immediately that E is globally asymptotically stable followed 
by the generalized PoincarG-Bendixson theorem [11,16]. The proof is complete. 
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3. THE STABILITY OF MODEL WITH 
NONNEGATIVE ADVERTISEMENT FORCES 
In this section, we will consider the model with nonnegative advertisement forces. We study 
the equilibria and globally asymptotic behavior of (1.2) with one null advertisement force and 
two positive advertisement forces in detail. 
Without loss of generality, we assume that yi is zero and yz, 7s are positive. In this case, (1.2) 
is reduced to 
A;=A&I(C-AI-A~-AA~)-~IQ~], 
A’2 = (72 + X2A2) (C - Al - A2 - A3) - cx2A2, (3.1) 
A$ = (y3 + X3A3) (C - A1 - A2 - A3) - a3A3. 
First, we consider equilibria of (3.1). There is only one nonnegative equilibrium &(0,x2, ys), 
where x2, y3 satisfy 
(y2 + X2x) (C - x - y) - a25 = 0, 
(73 + X3Y) (C - x - Y) - asy = 0. 
(3.2) 
As proved in Theorem 2.1, (3.2) has a unique positive solution ~2, ys. Moreover, system (3.1) 
has a unique positive equilibrium E(Ai, Al, AZ) if and only if 
XlC > w, 
a2X1 > %X2, 
a3x1 > %X3, 
c-z- 
WY2 my3 - 
&2X1 - alA2 asX1 - %X3 
> 0, 
(3.3) 
where 
A; = my2 A; = QlY3 
cx2x1 - cqx2 ’ a3x1 - (WI x3 ’ 
A;=C+A;-A;. 
Let us study their local stability. The Jacobian matrix at &(O, x2, y3) is 
[ 
bl 0 0 
-a2 b2 -a2 -a2 , 1 -a3 -a3 b3 - a3 (3.4) 
where bi = &(C - ~2 - ys) - CQ, i = 1,2,3; a2 = yz + X2x2, as = 73 + Xsys. Because ~2,Y3 are 
the solutions of equations of (3.2), we have 
x2 (C - x2 - Y3) - 02 - (72 + X2x2) = - 
72 (C - x2 - y3) 
x2 
- (72 + X2x2) < 0, 
x3 (C - x2 - Y3) - a3 - (73 + X3Y3) = - 
73 (C - x2 - Y3) 
Y3 
- (73 + X3Y3) < 0. 
Then it is easy to conclude that (3.4) has two eigenvalues with negative real parts. Thus, the 
local stability of Es depends on the sign of Xr(C - x2 - ys) - cyi. If 22 + ys > C - &i/Xl, Es is 
locally asymptotically stable, and if 22 + ys < C - or/Xi, Ec is unstable. 
Let us now discuss the local stability of E. The Jacobian matrix at E is 
[ 
-al --al -al 
-a2 bz - a2 -a2 , 
-a3 -a3 b3 - a3 1 
where ai = XlAi, ai = yi + &A:; bi = (Xicyi - Xioi)/Xi < 0 (i = 2,3), in which (3.3) for the 
existence of the positive equilibrium is used. Its characteristic equation is 
z3 + z2(al + a2 + a3 - b2 - b3) + z(bzb3 - asbs - a3b2 - albs) + albab3 = 0. 
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Since bi < 0, we have al + a2 + a3 - b2 - b3 > 0, albzbs > 0. Let 
[ 
al + a2 + a3 - bz - b3 1 
B= 
albzbs 6233 - azb3 - a362 - alb3 I ’ 
by direct calculations, we know that the determinant of the matrix B is positive. It follows from 
Routh-Hurwitz theorem that the positive equilibrium E is locally asymptotically stable. 
Next, we will consider the global behavior of equilibria of (3.1). 
THEOREM 3.1. If x2 + y3 < C - CY~/X~! system (3.1) has a unique positive equilibrium E ulhich 
attracts all positive solutions. 
PROOF. First, we prove that when 22 + y3 < C - cul/Xl, all the conditions of (3.3) are satisfied. 
Since 0 < x2 + ~3. < C - al/Xl, we can immediately verify that the first condition of (3.3) is 
satisfied. Since 
0 = (72 +X2xz)(C-22 -y3)- a2x2 > Fy2 + (~X2-a2)x2. 
0 = (73 + X3Y3) (C-x2 -Y3)-Q3Y3 > ZY3 + (:x3 -a3) Y3r 
(3.5) 
therefore, we have 
Meanwhile, we have 
Xl&2 > X2w and XlCYQ > x301. 
x2 > 
w-f2 
Y3 > 
a173 
cv2Xl - cuIX2 ’ cr3x1 -cY1x3 (3.6) 
From 22 + y3 < C - cyl/Xl and (3.6), we can obtain 
C-F- a172 WY3 w-Y2 WY3 - > x2 fY3 - - 
ly2Xl -%X2 ~3Xl---(ylX3 ~2~1--1~2 ~3~1-~1~3 
> 0. (3.7) 
Therefore, the existence of E is proved. 
Now, we use the same vector field f,g, as mentioned in the proof of Theorem 2.2, where 
y1 = 0, then we can rule out the existence of periodic solutions in D. Since Eo is unstable in the 
positive Al direction and E is asymptotically stable, we can conclude that E attracts all positive 
solutions. The proof is complete. 
From the proof of the existence of E, we can deduce that if 52 + ys > C - al/Xl, system (3.1) 
does not has a positive equilibrium because the last condition of (3.3) is not satisfied. In this 
case, we have the following result. 
THEOREM 3.2. EO is globally asymptotically stable if 22 + y3 > C - cul/X~. 
REMARK. From Theorems 3.1 and 3.2, C - cy/X can be interpreted as the threshold parameter 
which determines whether the products without advertisement possess or lose the market. If 
the number of the users of the products with advertisement is bigger than this threshold, the 
products without advertisement will lose the market; and if the number is below this threshold, 
the products without advertisement will exist in the market under some conditions. 
When y1 = 72 = 0, 73 > 0, system (1.2) is reduced to 
A;=Al[Xl(C-AI-AZ-&)--I], 
Ah = A&2 (C - Al - A2 - A3) - 021, 
A; = (73 + X3A3) (C - AI - A2 - A3) - a3A3. 
(3.8) 
By similar discussions as above, we have the following results. 
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THEOREM 3.3. When x3 > C-crl/)rl and x3 > C-crz/Xs, system (3.8) has a unique equilibrium 
Eo(O, 0, x3) which is globally asymptotically stable, where x3 is the positive root of equation 
(73 + X3x) (C - x) - cY3x = 0. 
THEOREM 3.4. Suppose that x3 < C - al/Xl and x3 < C - a~/&: If al/Xl < cx2/X2 C &3/X3, 
then El(el, 0, es) attracts all positive solutions of system (3.8). If as/X2 < (~l/Xl C as/As, then 
Ez(O, ~2, y3) attracts all positive solutions in system (3.8). Where 
e3 = 
w-/3 el=C-l- WY3 
Q3Xl - cqX3 ’ Xl a3X1 - qX1’ 
Y3 = 
Q2?‘3 a273 
cY3X2 - a2X3 ’ 
y2=C-Z- 
x2 (Y3X2 - Ct2X3 ’ 
When yi = 0, i = 1,2,3, we obtain 
A’, = Al[&(C - AI - A2 - A3) - ~1, 
A; = A2[X2(C - Al - A2 - 4) - (~21, (3.9) 
A; = A3[X3(C - AI - A2 - A3) - ~31. 
THEOREM 3.5. If C < ail&, i = 1,2,3, system (3.9) has a unique equilibrium Eo(O,O, 0) which 
is globally asymptotically stable. 
THEOREM 3.6. When C > CQ/&, j = 1,2,3, system (3.9) has equiLibria EI(C - al/Xl,O,O), 
E2(0, c - az/Xz, 0), E3(0,0, C - cys/&). If @/xi = min{al/X1, a2/&!,cQ/&}, then Ei attracts 
all positive solutions. 
4. DISCUSSIONS 
In this paper, we have proposed a mathematical model to describe the dynamics of three 
competitive products in the process of promoting adopters in the market. Key parameters include 
advertisement forces, valid contact rate between nonusers and adopters, and returning rate from 
user class to nonuser class. By exploiting the generic result of Hirsch [ll-151 and the generalized 
PoincarbBendixson theorem [11,16], we have obtained the global stability of this competitive 
system in detail. If all advertisement forces are positive, we have proved that the model has a 
unique equilibrium which is positive and globally asymptotically stable. If not all advertisement 
forces are positive, the products with advertisement exist at any time and the model has the 
threshold which determine whether the products without advertisement exist or become extinct. 
When all the advertisement forces are zero, the products are eventually extinct or the product 
whose a/A is the minimum of the three products wins the competition. 
There are some implications from our results. Suppose 7s > 0. Then Theorems 2.1 and 3.1-3.4 
imply that Product 3 remains persistent whatever X3 = 0 or As > 0. On the other hand, if y1 = 0 
(or y1 = 72 = 0), Theorems 3.2-3.5 imply that Product 1 (or Products 1 and 2) will be extinct 
in certain cases. This shows that advertisement effect is more important than the diffusion effect 
by people’s contact. This is the same result as [lo]. We, therefore, conjecture that advertisement 
effect is more important than the diffusion effect by people’s contact for n products. 
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